Introduction.
The equation of diffusion in a turbulent fluid d"x ^ 1 -2p dx _ dx dz2 z dz dx (x stands for temperature, vapour concentration, or whatever property is being studied, x is measured in the direction of mean flow and z in the perpendicular direction, and p is a constant determined by the degree of turbulence of the fluid) was introduced by O. G. Sutton1 and extensively studied by W. G. L. Sutton,2 who considered a number of cases of diffusion in the semi-infinite region z> 0. It has been shown by Pasquill3 that for the semi-infinite region the theory is in good agreement with experiments, both on evaporation and on heat transfer. In this note a number of results for symmetrical flow in the finite region 0<z<2l will be given; it is assumed that 21 is small enough for the power law velocity profile to hold up to the centre of the region. Such cases are of some practical interest, and may provide an indication of the behaviour to be expected in the much more difficult problem of heat transfer in a circular pipe. Also they are interesting generalizations of known solutions of the equation of conduction of heat in the rod 0<z<2l, with constant temperature, or flow of heat, at its ends. The method used will be that of the Laplace transformation.
W. G. L. Sutton (loc. cit.) remarks that if p = 1/2, equation (1) reduces to the equation of linear flow of heat, and he gives a treatment of (1) which is a generalization of Goursat's treatment of the equation of conduction of heat. It is well known that the Laplace transformation method is particularly well suited to the solution of specific problems in conduction of heat, and that its advantage increases as the complexity of the problem increases. This suggests that the method may have the same advantages when applied to (1), and, in fact, this proves to be the case. All the results of W. G. L. Sutton's paper can be obtained more shortly in this way, and explicit expressions for the solutions for more complicated boundary conditions, composite regions, etc., can also be derived.
In Section 2 the standard problem of evaporation in the semi-infinite region is solved as an illustration of the method, and for comparison with later results. In 182, 48 (1943) . The notation used here is that of this paper, except that the symbol E is introduced in (4). The variables x and z in (1) are dimensionless quantities defined in Sutton's paper. s F. Pasquill, Evaporation from a plane, free-liquid surface into a turbulent air stream, Proc. Roy. Soc.
(A), 182, 75 (1943) .
Section 3 two other results for the semi-infinite region are given for completeness. In Sections 4-6 the most interesting cases of symmetrical flow in the region 0<z<2/ are studied. The solutions given here are formal only, but in all cases they may be made rigorous by the verification process described elsewhere.4 Equation
(1) has to be solved in the region x>0, and in a prescribed region of z, with boundary conditions in x X -» X(0)(z). as x -> + 0,
X finite, as *->
In all the problems considered below x(0)(2) wi" be zero, that is the temperature or vapour concentration in the fluid is zero in the plane ac = 0. There are also boundary conditions in z, which will be expressed either in terms of x, or of dx
This quantity E is the local rate of diffusion across the plane z = const., and B is a known constant (defined by Sutton, loc. cit.) involving the fluid and its degree of turbulence.
The constant p in (1) is restricted in Sutton's theory by the inequality 0 <p <1/3, and we assume here 0 <p < 1.
With the substitution X = zpSi,
(1) becomes d2a 1 30 p2 30
Introducing the Laplace transform of 12 with respect to x, namely 0* = f e~"Qdx,
J 0
we obtain from (6) the subsidiary equation6 for 12*,
2. The semi-infinite region z>0. Boundary conditions: x(0)(z)=0. z>0. x = Xo, constant,6 when z = 0, *>0. x finite, as z->», *>(). Here (8) 
4 H. S. Carslaw and J. C. Jaeger, Operational methods in applied mathematics, Oxford, 1941, §58, and J. C. Jaeger, Radial heat flow in a circular cylinder with a genetal boundary condition, Proc. Roy. Soc. N.S.W., 75, 130-139 (1942) . 6 For the procedure see, e.g., Carslaw and Jaeger, loc. cit.
• For shortness, boundary conditions will usually be written in this way; it is implied, of course, that X->xo as z->+0 for fixed x>0.
to be solved with X* = zp ft* ->xoA, as z -* + 0,
and X* finite as z -><x>.
The solution of (9) which satisfies (11) is Kp(zs*), and since
it follows that the solution of (9), (10), and (11) is
r KP)
Now it is known that7 sip~1Kp(zsi) is the Laplace transform of z~p2p_1 I e~"up~1du.
J zV tx
Thus the required solution is (14) l r00
r(/0 J •»/«* This is the result given by Pasquill (loc. cit., (9)). It follows from (15), or directly from the transform E* of E, that
Bxo2l~Ipxr"
r (p) and
3. Two other results for the semi-infinite region z>0. The results to be derived here are both for the case x(0)(2) =0> and x(2) finite as z-»<».
If the boundary condition at z = 0 is: E-*Eo, constant, as z->+0, the solution is
2sr(i - 
BpT (l -p) This is proved exactly as in Section 2, using (14). (18) and (21) w/zere a = T(1 -p)21~2p/hT(p).
To prove (21) the inversion theorem for the Laplace transformation, (24) below, has to be used, and the line integral must be deformed into (-■», 0 + ).
The result (15) was derived for a constant value of x on the boundary 2 = 0. The solution for the case in which x is a prescribed function of x on z = 0 can be obtained from (15) by Duhamel's theorem. The same remark applies to the cases of Sections 4 and 6. Correspondingly, the solutions of the problems of Sections 3, 5 with E a prescribed function of * on 2 = 0 can be obtained in the same way.
4. The region 0<z<l. x(0)(z)=0-X = X0, constant, when 2 = 0, *>0. £ = 0, when z = l, x>0. This corresponds to the region 0 <z<2l
with flow symmetrical about 2 = /, and with x = Xo on 2 = 0 and 2 = 2/, for :c>0. Thus, for example, it gives the solution of the problem of heat transfer from the parallel planes 2 = 0 and 2 = 2/, both maintained at constant temperature xo, and with symmetrical flow between them. Here we have to solve (9) with boundary conditions (10) and E* = 0, when z = I.
By (12) the solution of (9) which satisfies (10) is Xo3p21-p X* = --s^K^zsi) + Az"IP(zsi).
r (p)
The unknown A is found by substituting in (22), and we have finally
X is found from (23) The integrand of (25) is a single valued function8 of s. It has a simple pole at J = 0 of residue 2p-1z-T(/>), (26) [Vol. Ill, No. 3 and simple poles at s = -a,/l?, where + ar, r-1, 2, ---, are the zeros (all real and simple9) of J^{a) = 0.
It is easy to show [cf. Jaeger, loc. cit.\ that the line integral in (25) is equal to fori times the sum of the residues at the poles of its integrand.
Evaluating these we get finally Xo3p " fff-!r<"I"!;p(zar/l)
The most interesting quantity is the value of E as 2-»0. Either from (28), or directly by calculation of its transform, this is found to be .
*XoT(l -P)^ > as 2 -> + 0.
T(p)22*-2l2p tZ al~^Jp(ar) Also, as 2->+0, where f,
For small values of x/l2 the value of /* Edx given by (30) reduces to the value (17) for the semi-infinite region, and
p r(/>)
In Fig. 1 graphs of these quantities are shown for p = 1/9, the value commonly found in wind tunnel experiments.
Curve I shows the result (32) for the semi-infinite region, and Curve II the value of <£j'(x/l2) given by (31) for values of x/l2 for which the difference between (31) and (32) is important. For larger values of x/l2 than those shown the exponentials in (31) are negligible.
In the case of heat transfer the quantity (30) gives the amount of heat taken up from the region 0 to re of one of the planes.
5. The region 0 <z<l. x(0)(2) = 0. E->E0, constant, as 2->0, x>0. £ = 0, z=l, x>0. This corresponds to the region 0<z<2l with flow symmetrical about 2 = /, and with constant diffusion across the planes 2 = 0 and 2 = 2/.
Here, proceeding as in Section 4, we find
The most interesting quantity to evaluate in this case is the value of x as 2->+0.
This is found to be 
For small values of a://2, (34) tends to the result (19).
If p = 1/9 jt is found that the difference between (34) and (19) 
Here the regions 0<z<l and l<z<2l must be treated separately. We write xi(-i) and Ei(zi) for the values of x and E in l<z <21 as functions of Zi = 2l -Z in this region. The boundary conditions at the surface of separation z = zi=l are X = xi,
A solution of (9) which satisfies (37) is Xo2,_ps,p_1
and a solution of (9) with z replaced by Z\ which satisfies (38) is Xi = Czfl-P(zis*).
The unknowns A and C are found by substituting in the transforms of (39) and (40), which gives
with a rather longer formula for x*-As in Section 4, x and xi are evaluated by the use of the inversion theorem and the results are 
As in Section 4 the most interesting quantity is the value of /* Edx as z->0. This is found to be [r(/>)]2 S <-2p{^(«r) + Pp_1(«')} '
For small values of (x/l2), (46) behaves like (32). Its value for p = 1/9 and for values of {x/l2) for which the difference from (32) is important is shown in Curve III of Fig. 1 ; for larger values of x/l2 the exponentials in (46) are negligible.
The result (45) gives the evaporation from the region 0 to * of the plane z = 0 if there is no flow over the plane z = 21.
Finally we consider the case in which the boundary conditions are xt0)(z) =0> and X = xo, constant, z = 0, x > 0,
and X = 0, when z -21, x > 0.
Here, proceeding as before and writing xi for the value of x in l<z<2l, E\ for the value of E in this region, and z\ = 2l -z, we find 
